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GPU-based Soft Body Deformation Simulation with Nonlinear Finite

Element Method

Yu Guo (Computer Science)

Directed by Professor Heng Pheng-Ann

Human soft tissues generally exhibit complex material perperties such as nonlinear-

ity, anisotropy, incompressibility and viscoelastictity. Soft tissue deformation is one of

the most important yet difficult research tasks in virtual surgery.

This paper presents a comprehensive nonlinear simulation of soft tissue deformation

in virtual surgery. We first give an introduction of the virtual surgery system and sum-

marize the various methods of soft body deformation. From geometrically-based methods

to physically-based methods, from mesh-based models to meshless models, we give a de-

tailed research situation in recent years. Finite Element Method (FEM) model turn to

be the best model of deformation and lots of other method are based on them. Then

we give an introduction of mesh precondition which include simplification of the sur-

face mesh, subdivision of surface and tetrahedralization of the soft body. Quadric Error

Metric based method is used to simply the redundance surface mesh. Loop Subdivision

method is used to make the surface more meticulous and smooth. Constrained Delau-

nay Tetrahedralizaion method used for meshing the object to later use in FEM. In the

finite element method processing, we propose two tricks for the nonlinear deformation of

soft body with hyperelastic material. The tricks transform the hard calculating problem

about geometry and physical nonlinear to the linear iteration. To use central difference

equation to achieve explicit iteration for the displacement of nodes. Then we illustrate

how could we achieve the method in the GPU with CUDA API and OpenGL API. As

the same time, a fast contact model has been brought out, with this contact method, the

soft body perform different kinds of friction deformation. After that, we give an efficient

simulation and a fast rendering. Compared the results from ABAQUS and our method, a

nice matched curve can be found. Our experiments show that our system is efficient and

well present the stability of the deformation. Finally, we make a summary and describe

some promising research directions on this topic.

Keywords: Virtual surgery, Soft body deformation, Finite element method (FEM), GPU
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5�§E,��.Ï~¬��O��m��ÌO\"d	§�ýL§�½5±9�

pL§¥^|�ÿÀA5�UC�´I��Ä�¯K"

éu#�¬��O§)Ô�Æá�ÚÃâóä��Æ©ÛI���'�p�°Ý§

¤±§pO�þ�l�O�k�ÿ´�~7��"�d�é�´§3ÃâÔö¥ù


I¦%�±�ü$�¦"ù��{du�N°Ý�ü$§·�Ò�±O\ÃâÔöX

Ú¥���p5"ù��â�ÎÜ·��¢S¿Â§Ï�ØÓ¾<�|�ì(Ôná

5Ø����§·�������V�IO§¤±ÄuJ[y¢�Ãâ�[I�¢�

�C/w«§C/°Ý�I�����o÷�CqÒ�±
§ù�¡�OÔnL§"

¤±���Ãâ�[�Ìù���IOµ·��8IÏ~´¢yÔö�J§Ø´p

Ý°(�^|�á�á5"ØL§3Ãâ�[¥XÛ^��C/�.5¢yQ½�Ã

âÔöL§�,´��vk���)û�¯K§���ØO(5�,¬�����

3



¥I�Æ�a¬Æ Ø©——ÄuGPU���5k��RN/C�ý�[

Ø�ÃâÔö(J"Ïd§ïá�ýXÚ�§ÀJÜ·�/C�.´é'����Ú

½"

ý¢�ì(|�1�´éE,�§�·�Ï~�U
)�Ù¥��Ü©1�"

�Ï�^|��ù«E,A5§é���Ü·�êÆ�.´�~(J�¯�"���

�pª¢��ý§I�éA½��.?1{zÚ`z"d	�.�½5Ú��C/

´�YI��Ä�¯K"3ÀJ
��Ü·�êÆ�.��ý^|��)ÔåÆA5

�§·��AT�ÿþÚ©Ûý¢�^|�C/ëê^±?��ý�."3�.��

��L�Ñ5��§·���U^ù��.��ék��©Û"

1.2.1 AAAÛÛÛ���{{{

@Ï�[ÔNC/��{Ø´æ^ÔnåÆ©Û��{§´��ö��.�A

Ûá5§UC¡/Gl��Ï"�C/�J"Ï~¬��?UÔN!: �§4

·�wå5�.(¢u)
/C"AÛ�{Ø�Ä|��åÆ��'X§�Ø�ÄÔ

N��þ!á��g�á5§"y)ÔA5"ù«C/�{8cõ^uÄx¥§Ï�

Äx�±§Ü�Ly�
ØÎÜ¢S�¹�/C"��ÏL��:5��ÔN/G�

gd/CEâ (Free-form Deformation, FFD)§ÏL��:5���¡��l�

�! B�^�!�þ!kn B�^��¡Eâ±9��{£y3�kÄuÔn

�.���{[9]¤"d	§Ûª¡3�['�^�Ô�'XÉ�!Ê�!Êè'�k

�" Kravtsov�[10]¦^Ûª¡�õ>/���(Ü��{§ME
Àú%ý��

ÔnÄ��." Gibson�[11]QJÑ�«�Ôn�.§¶�£�`�.
 (ChainMail)

"§rÔNlÑ������£�§z�£��±�l��ë§¿��z�£���

��£Äål"���u)$Ä§¿�����£Äål§Ò¬�Ä���£�"ù

��.�n{ü§$��Ý¯"3@
c^ù«AÛ�{�±�ÖO�Uå�Øv§

�´":�´é²w�"3J[Ãâ¥§^|�/CØ==�÷vÀúþ�C/�J§

���´UÑý¢���)ÔåÆ�A5"Ó�O�Å5U�J,�¦<��'5

:��
XÛ°(�[^|�C/"Ïd§8cÄuAÛï���{3J[Ãâ¥A

^��§®�Ôn�{��"

1.2.2 ÔÔÔnnn���{{{

8cÄuÔn�{�Eâ®²Fì¤Ù§ÔNÄ�ï�Eâl==�¹�Ý!\

�Ý�$ÄÆ�§uÐ¤��)Aå!AC�ÄåÆ�§"ù«?Ú¦�J[Ãâé

�äk
��p5�õU§U
2yý¢�1�á5±9�\%ý�J[é�"J[

Ãâ�[¥���^|�C/�¯K§�éufN(��.5`§^N(��Ì��

«O´3@ØÚe.��[¥¬kUþ����/G�UC§yk�Ôn�{®²�

±rUþ�Cz�ÄÙ¥"
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�[^|��C/y3kõ«��¤Ù��{"§����±©�üaµ�«´

Äu��(���{§,�«´Ø����?1�["�±wÑ§XÛïá�.(�

´ÀJ�[�{��cJ"

Äu����{Ì�k�:-���.Úk���{§d	�k�ü��.§k�

�©{§k�NÈ{§>.ü�{ÚÜþ-�:�."Ø¦^����{Ì�kâfX

Ú§k�¥�{§1wâf6NÄåÆ�{±9Ã���{"

1.2.2.1 ������(((������{{{

�ü��. (Long Element Model, LEM)

�ü��.´�«ÄuÔn�pÝ{z��.§§Äkò�.lÑz�¿÷XØ

�Ø �N��8¡Nü�§¿3dÄ:þé÷v Pascal½n9NÈØC5�ÔNï

á¦)�§§z��.�ü�êþ�>��²�¤'~"du�8¡N�ü�(�¦

�T�{���êþ'o¡N½á�N��êþ�C��êþ?§�.�Ônëê�

±¦^NÈCþØ7�ýO�!Ø �?n§�y
�p�Àú�åúM#�Ý"

�´T�{é�.?1
pÝ�Ä�Ú{z§ÏdO�°Ý�$§8cÌ�·^u�

[¢�Äx§�é^|�ï��k�
A^"

�:-���. (Mass-Spring Model, MSM)

�:���.´rC/�.��þ!:^��ë�å5£�ã 1.2¤§�����

Áã��§±�Ù¦��Ò��§4Ùk�«Â �ª³§��½,"²L�ã��

m§����XÚ��Ä�²ï§½ö`^|�/C�L§Ò´�«�²ïLÝ�L

§§���	.�	å�»ù«²ï§U2gÏé²ï�L§"

ã 1.2: ���:���.£n�/ü�¤

���å�^�,��þ!:�§���Ýd l0C� l§�5Xê� k§�â��

½Æ f = k(l0 − l)§3�þ: i?����å�±d¦±�� j :éÙ�Ó�^¤µ

fi =
∑
j

kij(‖xj − xi‖ − l0ij)
xi − xj

‖xj − xi‖
(1.1)
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gl Terzopoulos [12]�mM5ó���§ MSM3Ãâ�ý¥�A^�5�2"

·�éN´��XÚ�)§Ï�$Ä�§ØI�w«�E" MSM´�«lÑ��{§

éu���5N5`§¦�UCq��Oý¢�Ôn�¹"�éuý¢�|��.

Ônëê3ùp´ØU��^�§I�·�?1<óN�§Ó�ÔnL§��ý(J

Ú�þ:�ÀJké��'é§ïán�����`��ÿÀ(�´��éE,�L

§§���`��êþé°ÝÚ�.�Ä�½5k���K�",ÿÀ(��U

C%éJUK�� MSM�{" San-Vicente�[13]JÑ
Äu.å/CÚ��5á�

�MSM�{§;�?naqu^|����5á�§���(J'DÚMSM��\

°(" Etheredge [14]�Ñ
MSM�.�¿1�{§¿é¡ÜÚ}Ï�C/?1�p

ª�[§¢y
¯� MSM�{" Hammer�[15]é%9���/C�[$^
 MSM

�{§3(�5K��ÿ§O(5Úk���{�C§�´��}��[�§AC�

�ØÇ¬¯��O\" Qin�[16]JÑ
M�\��ÄuMSM�õ�g^|�C/�

[µe§3¥I�À< (Chinese Visible Human, CVH)êâ8þ¡ïá
�@��p

�J[ÃâÔöXÚ"

k���{ (Finite Element Method, FEM)

k���{´¦)�5åÆ¯K�²;�{"òÙA^uJ[Ãâ§¿ÏLT�

�ëêN!§�±�EÑAÛ�ÔnþÑ��°(��."k��{�Ä�g�´ò

ëY�¦)«�lÑ��|k��!�U�½�ª�pé(3�å�ü��|ÜN

£�ã 1.3¤"duü�UUØÓ�é(�ª?1|Ü§�ü���k�±kØÓ/G§

Ïd�±°(/�.zAÛ/GE,�¦)�"3J[Ãâ¥§^k��{�[ì(

/C�Ä�g�´µÏLí������.¤k(:?	å� £'X��§|§,

�¢��\ØäCz�®�	å� £§?1�§|�¦)"k���{�éëY�

�.Jø
éî��^|�Ôn�[§Ó��Ä�
>.�¹"3ù�?nL§¥§

(��.�y©��½êþ�k�ü�(�§n��.�y©¤o¡N½ö8¡Nü

�§���.�y©�n�/½öo>/ü�§z�ü�� £Ú �Ñ´d!:�

����" Foteinos�[17]�Ñ
õ|����.�)¤�{§T�{)¤���ä

kûÐ�AÛ(�§Ó�ØÓ|��m��>¡��
éÐ���?n§�~·Ü?

1k��?n"

ã 1.3: ��k���.£n�/ü�¤
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1�Ù XØ

FEM���`:´3£ãù�ÔnXÚ�§·��I����á�ëê§ù


ëê�±��l^|�ÿþ¥��¿�Ü�O�¥",���O��méu¢�5

��¦J±��"XJr��L§\\k��L§§@oòI�?U���ÿÀ(�§

���.3�[L§¥�I��Øä�#O�§O�þØä\�"ýO�±9�.

{zò´)ûù�¯K��1Ãã"

éuk���{¥�o¡N��§~æ^� Lagrange�{®²�2�A^"Üe

�Æ�Æ�UXÚ¢�¿� Karol Miller�|JÑ^�Û.�KFw«ÄåÆ (Total

Lagrange Explicit Dynamic, TLED)�{O��M/C[18]§�� Zeike Taylor�|r

TLED�{3 GPUþ¡¢y\�[19]§��ØäU?§¤õ�r�.ü�[20]§~�


O�þ§8c®¤���'�9���{"�� Joldes�[21]é'
ØÓ��(��y

©3 GPUþ$1��Ç§¦��¢�(Jék���.�ÀJåX�B�ë�¿�"

Noe [22]$^T�{¤õ�[
���{¥n�����O" Niroomandi�[23]^T�

{é_9ì(?1
�ý"

>.��{ (Boundary Element Methods, BEM)

Ú FEM'�aq�,�«ê�¦)�{Ò´>.�{"T�{�I�3¦)��

>.?æ^©ãõ�ªCq��{é���§lÑz§ÏL Green-Gauss{Kò$Ä

�§=��L¡È©L�ª§Ïd� FEMØÓ�?Ò3u BEM�é�.�>.?1

lÑ§?¦O�duü$
¯K¦)�gdÝ��
{z"�@ò>.�{^u

/CÔN�ý��ÿ´Äu BEMïá
O·�/C�.§¿ÏLæ^{ü�(�2©

ÛEâ¢y
¢���ýA5§é�
{ü��.k�½�`³"�´da�{��

½3éSÜ��5�!��Ó5þ��ÔNï�§é�
E,�!äk´L[!��

.�ý��¶3?nÿÀÜ6(�Cz�¯K�' FEM�{�(J§Ø·ÜJ[Ãâ

��ï�§�´3?nÃâì�kàå�[24]§%�' FEM{LyÑ�Ð�°(5"

,	§ BEM�Ã{L�Nêâ§3éõó§A^¥§ÔNSÜ�å9 £´é�

�§ù�´>.�{�":��"

Üþ-�:�. (Tensor-Mass Model, TMM)

Üþ-�:�.´ FEM��«{z§§ré�¢NSÜlÑz��X��o¡N

k�ü�§o¡N��º:���:§o¡N�>����§� FEMØÓ�´ TMM

Ø^|C�NfÝÝ
§´r�ü�fÝÝ
©l�\\���º:Ú>þ"�:

¤É��^åd¤k�§���o¡N9o¡N�º:�Óû½§òé���þ9{

Z8¥�o¡N�º:þ¿¦^Úî½Æ§3é�¤É	åÚ/C�mïá�5½�

�5�Aå-AC'X"Ïd§T�.�¢�Ò´|^ FEM½ÂACU¼ê§,�d

ACU¼ê�Ñ�^3�:þ�SåO�úª§���âMSMïá/C���§"/

C�O�Ø2���6¤3ü��ÿÀ(�§Ï'MSM�.äk�r�NA5�L

yUå[25]"
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1.2.2.2 ���������...`̀̀""":::'''���

þãk�L5�Ônï��{Ñ�k`":§��S�� BEMO��ÝÚ°�5

ÐuÙ¦�.§���9E,�ýO�¶äk{ü!(¹ÿÀ(�� MSM�N´�

/§�½5ØZ¶p°Ý� FEMO�þ
�¶äkN£ãUå!´u¢y�/C�

TMM��9E,�o¡N��"

o�5`Ì6�ü«�{´µ�:���.Úk���."Ù¦�{Ä�Ñ´ù

ü«�{�û)¬½{z�"

MSM��wÍ�`³Ò´Ï~�Ýé¯§v±��¢�O�"d	§3�[L§

¥\\AÛ?��´ØJ�¯�"":´3IO�§¥ØU�±NÈ�ØC5§Ï�

^|�A�Ñ´Ø�Ø �§¤±ùò¬�)Øý¢(J"�C/´��ÿÀ(�

�§·�éJ�ÀJ���.�ëê"

FEM�`³3u§§é���AÛ(�±9	Ü1ÖÑ´Õá�§¤±^ FEM

�±)û�«ØÓ�E,�¹"�§�kj¢�nØÄ:",��¡§d3��³

Ò´���O��m§cÙ´éu��5k��"d	§T�{²~Ju¢1§I�

�
²�5½Â�
Ù¦¯K§'X���)¤"XJ��aqu���¯K§ÿÀ

(�u)
UC§ FEMÒ¬C�'�E,§Ï~I�O\#y©��ù�Ú½"

FEMÏ~�@�'MSMäk�p�°(5§����Ý�¡ké���³"{

IH\²�Æ� Barbic̆�Ç�+ìèmu���5 FEM�[ì Vega [26]§¤õ�[


õ« FEM�.±9MSM�.§¿�éùA«�{�)��J�
'�"3��½

Æ�8U§M�uÐ��§¿1z®¤ª³§cÙ´ GPUÏ^O���)§4¯��

FEM¤��U"

1.2.2.3 ÃÃÃ���������{{{

Äu����{^5�[^|�C/®²��¤Ù¿�A^2�§�´3Ãâ�

[L§¥§²~¬��É�½öÙ¦Cq6N�$ÄÚC/§���.��³3ùp

�àwÑ5"Äk���y©´��éE,�ó�§y©(J�Ð�¬û½C/��

J"Ó�§���C/½öÿÀ(��UC§$�I�Øä#y©"2g§��(

��·^uëYN§�kéõC/´��(�¤ØU�¤�"3d�/e§éõ<ò

ïÄ��=�
Ã��(�§�Ò´^�«�gd��ª5�[�õ��/C"

âfXÚ (Particle System)

��âfXÚ´d�þ���mCz�âf��ÔNE.�Ä�ü�§z�âf

Ñk�|ÔnÚ�má5§�) �!�Ý!ôÚÚ)·±Ï�§¿3z�)·±Ï

¥§Ñ�²{âf��)!á5��#!k���Øn��ã§æ^�ÅL§��{

éùn��ã¥�âfk'�z��ëê?1�Å��§¦�âfXÚ¤Ly�µÔ

äk�Å5"Ïd§âfXÚ¿Ø´��{ü�·�XÚ§Ù��´�«�Å�.§
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d�Å�.��â�½�²þÏ"�Ú����(½Ùá5ëê�Cz��"ù��

�.�±�)��C/§¤kâf� £�Ó/¤
ÔN�/C"ù«�{��^5

�[vk�½/G�ÔN§'X»�§�¿§ë§��g,µ*§3J[Ãâ�[¥

��^5�[6É��J"

Müller�[27]¦^½�âf§;�
^=±9�
~5��5á5§'X �Ú�

Ý"3~5�âfXÚ¥\\ù
Aká5��§�±Ôn�[��°(�-E�J

Ú��a(��Äxw«" Qian [28]ÏL�ï:��.5©ÛAå�¹§¿éÌÄó

)ä±9ª�EÂ?1
�ý�["

k�¥�{ (Method of Finite Spheres, MFS)

k�¥{´�«ØÄu���Ônï��{§�@3 2000cdæ�nó�Æ�De

Ú BatheJÑ[29]"T�{¢Sþ´Ã��ÛÜ*�âÅ-³�7{��«A~§éÛÜ

È©�YÚ>.^��Ú\�ª?1
U?"�5§ De�[30]òd�{A^uéJ[

�MÃâXÚ�ïÄ¥§æ^ù«Äu��:�k�¥�{ (PCMFS)ïá^|��/

CÔn�.§dé�5�.�ïÄÅÚ�\���5�.§¿(¹/$^õ©EÇE

âÚ¯�2©ÛüÑ\¯$��Ý§¢y
Ãâ>����ö���ý¶ÏL�k�

��{�'�§NyÑ PCMFS�pO��Ç"�´T�{¢Sþ´�«Äu�:{

�Ã��Eâ§7,¬��Ø½Ú°Ý$�¯K[31]"

1wâf6NÄåÆ�{ (Smoothed Particle Hydrodynamics, SPH)

SPH´�C 30cÑy��«ý�¿Â�Ã���{§T�{�Ä�g�´§òë

Y�6N£½�N¤^�p�^��:|5£ã§z��:þ\1�«ÔnCþ§�

)�þ!�Ý�§ÏL¦)�:|�ÄåÆ�§§¿��lz��:�$Ä;�§�

���XÚ�åÆ1�"nØþù§���:�ê8v
õ§ÒU°(/£ãåÆ1

�"�,3 SPH�{¥§)�°Ý��6u�:�ü�§�§é:
ü���¦��

$u����¦"du�:�mØ�3��'X§Ïd§�;��C/���Û

E¤�°Ý»��¯K§¿��U���B�?nØÓ0���.¡"duâf:�

$ÄÚ6N½öíN�$Ä�~�q§Ï36N6Ä¥A^�õ"T�{éO�]

�¦�$§�´é�NL¡��lÚ��J§1wØ¼êJ±À�§¦)XÚN

´´¾��§I�AÏ�½�Y§Ïd�[�ý¢§Ý!½59°Ý�¡�'Ø

LÄu����[�J"

�ié�nóÆ�� Solenthaler [32]�<JÑ
Äu SPH�ÄþÅðV�ÍÜ

�{§^6NÄåÆ5�[6N±9?¿fNÔ�"ù«�{k|u�.Ð©z§±

9�±¢yõ�ÔN�Ä��[" Akinci�[33]æ^Ø�Ø  SPH�{§¤õ�ò>

.âfz§¢y
fN-6N��pÍÜ"

Ã���{ (Meshless Method)

Ã���.´�«¯���é61��{^5)¤^|�(�"§���`³
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3uØI�éõO�§¤±~�<�^u¢��Àz"Ã���.´�«'�½�

�{§Ø¬3�ýL§¥ÑyÛ%�Cz���[�}"§�(J´{ü¿��*

�"

Ã��{´dÅ�ó§+�JÑ��«ê�¦)�{§T�{Äu�|©Ñ:5

lÑ¦)«�§ØI����Ð©y©Ú�§��^ù
lÑ:�z��:�E/

¼ê§l3vk�½?Ûë�'X��¹e^¦)�þ�|¼ê3ù
lÑ:þ�

�5%C½ö��ù
¼ê"du§fz
Äu���{�©¡ü��A5§rz


;|�S��NØ���§l�y
�NO�°Ý§��±~�O�JÝ"�´

duÄu���ê��{3?n,
¯K��3��k"�§¦�Ã���{��


×�uÐ"

Üe�Æ� Jin�[34]�
�ÑÄu���{�":§cÙ´3��Ãâ¥§du

����m�I�#y©���5�pO��Ñ§JÑ
g·AÃ�� Lagrange

�{ (MTLADR)§Ø1�Çk¤Jp§°Ý�Ø' ABAQUS ^�O��(J�"

Horton�[35]}Á^ Lagrange�{5?nÃ��(�§���
nØ?Ð"é�
S

ÜØN´y©���ÔN§L¡æ���z§SÜæ^Ã��z§ù«�ÿ�M#(

Ü§�N�´�5uÐ��«ª³" Gills�[36]�´rÃ��(��Äuµe���

{(Ü§�Ò´Ôn�{�AÛ�{�(Ü§���ù«#�C/�{�±MEDÕ

�Ã���.[37]§¿·^uõ«���.�� £±9�C/"

1.2.3 ÔÔÔnnn���{{{���(((

ÄuÔn�ï��{�É�H§��¡Ï�Ôn�{äk�ÌÔN�*$Ä5Æ

�A:§¤±T�{�U%Cý¢�/C�Ä��J¶,��¡§3�
E,�/C

Ú$Ä©Û¥§da�.�6uý¢ÔN�á5§�´u¼�ëê¿?1²(��½§

Or
é/C���(¹5�B|5¶���´§J[ÃâÔöXÚ��"å�±

��¼�½ödúªí���§Ó��±K\¢Sé�Ôná5¶3�Ôn��.

¥§�"åI�üÕO�§��é�ý¢á5Ã'"d	§duÔn�.�ó§+�

��ýäk��5§l�\N´�J[�Æ9Ï�ä�ó§XÚKÜ"

1.3 ���©©©���ïïïÄÄÄóóó���

�©:0�
��5^|�/C�k��O�ù�'�Eâ¯K§¿l¯)û

3¢yJ[Ã^|�/C�L§¥¤����'¯K"

�©Äk0�
J[Ãâ²���Nµe�O§²��¬�y©"��0�
/

C�¬�?n�{§�[£�
�cÔn/CL§¥��«�."�Xé���?n

�
�
¢y§�){z![©Ú¿©"�©:ïá
��5k���?nL§§

¿3 GPUþ�¤ù�ó�"Ó�3/CL§¥§JÑ�«U¯�¿�k|u�Y/C
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O��-E?n�{§�Jp�N�[�Ý�Ñ�z"��ÏL�[�¢�éT�{

?1�ý§L²�{��15�k�5"

1.4 ���©©©(((���SSSüüü

�©Ù!(�SüXeµ

1�Ù§XØ"

{�Qã
��K�ïÄ¿Â§ïÄ�µ±9�cISl¯T�KïÄ�?Ð�

¤J�¹"

1�Ù§��?n"

0�
k��C/�cö�§Ì�±���?n�Ì"éL¡��{z!L¡�

�[©±9N��¿©?1�ã±9¢y"

1nÙ§��5k��/C�."

�[0�
�K¤l¯�/CnØ�g�§¿éykk��/C�.?1
�[

�0�§é��5k��JÑ
ü�?n�{§´T�{�±�Ð�3 GPUþ$1"

1oÙ§��5k���{�äN¢y"

�Ù�[0�
��5k���{3 GPUþ�{�¢yL§§¿JÑ�«·Ü

GPUO��¯�-E�."

1ÊÙ§¢�(J©Û"

�ÙX0�
þãÙ!/C��ý�J§¿éÙ¥��
[!¯KÏL¢��

�ª?1?Ø"

18Ù§o(�Ð""

o(��K¤��ó�§¿é�Y�ó��?�ÚïÄ�
Ð""
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J[Ãâ¥�ö��^|��.��5gu CT½öMRI��¡ã�§,�ï

Ñn�ã�êâ§²Lã�²wÚêÆ/�Æ�ý?nö�§©�Ñ·�¤I��Ü

©§�X?1L¡ï"d�ïÑ�L¡��P{§Ýép§3�±��ÿÀ(�

±9�©��A5�Ä:þ§I���§Ý�~���º:ê8Ó��±Ø���"

��{z��I�é��?11w?n§é���þ?1µ�Úuÿ"��?1¡�

��N¿©§ò|��.=z��±?1k��O��N��ü�§�ã 2.1"d	�

k�«�{´��l�Æã�¥)¤N��§ù«�{�����(�Øn�§�3

dØ��Ä"

ã 2.1: ��ö�6§

�
Jp��O��Ç§·�3k���[L§�c?1
���{z§�´3

k���[L§¥§Ôn/C���/�  I����¡��5¢yûÐ�/C�

J"ù�·��I�^�g·A���[©�{"

���?n§3J[Ãâ�[L§¥kù«þée��^§´ë��Æ�ÔnÄ

åÆ�m��xù"3�Ù!¥§ù©O�ã��{z§��[©§±9��y©

��{"

2.1 LLL¡¡¡������{{{zzz

ØØ´�Æn� CTêâ²LMarching Cube��{ï§�´n�-1/ÝK×

£��¤æ8��:�êâï§)¤�n�¡¡��(�´��
��§Ä�Ñ3

z�êþ?±þ"ù´Ï�n�×£�Læ�§±9n�z�LÝ[©E¤�"ù�

�n��.Ø^`?1k��?n§Òëy©o¡N�m(�Ñ´���~(J�¯

�",ùÙ¥�n�¡¡�Ü©Ñ´P{�§Ø+´éu�.��§�´�Y�O

�§�.�{zÑ´é��"
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du���.�Ü©dn�¡¡L«§�=¦�©�.Ø´n�¡¡§��±

éÙ?1n�z§Ïd���.{z���´µ3¦�U�±�©�.A���¹e§

���Ý/~��©�.�n�/Úº:�ê8"§Ï~�)ü��Kµº:���

K§=3�½Ø�þ.��¹e§¦�{z�.�º:ê��§Ø����K§�½

{z�.�º:�ê§¦�{z�.��©�.�m�Ø���"��{zA^2�§

�3õ«�{§UìÿÀ(��©�ÿÀ(��±[38, 39]Ú�ÿÀ(��±[40, 41]¶

�â{zL§�©�ÅÚ¦°[42, 43] ÚAÛ{z[44–46]¶�âØ����©�Ø�É

�[47]ÚØ�ØÉ�[44]¶�âÀ:A5©�À:�'[48, 49]ÚÀ:Ã'[38, 44]�"

2.1.1 ������{{{zzz���{{{

Garland [50]�Äu�gØ�ÿÝ (Quadric Error Metric, QEM)���{z�{§

´�«Äu>Â �{z�{"§|^º:��Ù�'é²¡ål�²�Ú���g

Ø��O5Ýþ{z�.��©�.�Cq§Ý§´��{z+����©²;��

{">Â ö�L§Xe£Xã 2.2¤§zg>Â ö�§~���:!ü�¡Ún^

>"

£1¤�Ø�©��¥¤k�º: v1Úº: v2�'é�n���¶

£2¤òº: v1Ú v2£�#� � v̄¶

£3¤ò�º: v1Ú v2�'�>Ún����&EV\�º: v̄�&E¥"

ã 2.2: ��{z�{

����Ð�{z�.§:3uÀ�Ü·�>?1Â §¦�>Â ��§Ý

/K��.�Àú�J"3>Â ö�¥§�^>�Â �Ä´ÏLµdù^>Â 

�é�.¤�5�Ø����û½�" Garlandò{z�5�Ø�½Â�Â �d"

>Â {z�{ÄkO�¤k>?1Â ���d§,�ò¤k÷vÂ ^��

>UÂ �d���?1üS§2l�d���>m©Â ö�§íØ3üSè�¥

u�íØ>�'é�>§Ó�O��#º:�'é>�Â �d§¿U���\Â 

�dè�¥"XdEö�§zgÑÀ�Â �d���>?1Â ö�§ù���

�{z�.��©�.�Ø���" Garland�{3òn���¥�ü�º:Â �

14



1�Ù ��?n

��#º:�§ÄkO�§��gØ�ÿÝ§=O�Tº:���©��¥�Â �

ü�º:�'é�n���mål�²�Ú§¿âd¦)�§��#º:��I 

�"

2.1.2 ������{{{zzz(((JJJ

ã 2.3!2.4!2.5Ð«
�
��{z�(J"

ã 2.3: Stanfordêf"l��m:/¡ê�g´µ35947/69451¶3596/6945¶362/693

ã 2.4: <��M"l��m:/¡ê�g´µ14780/28390¶7439/14195¶1639/2839

ã 2.5: <�ß¸"l��m:/¡ê�g´µ116604/233204¶1238/2331¶119/233
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2.2 LLL¡¡¡������[[[©©©

XÛU�°[�w«���.�C/(J§cÙ´3/C§Ý����ò?"C

c5§[©¡ (Subdivision Surface)��5�2��A^"ÙÌ���Ï3u[©

�{�±d?¿/G��Ñu5gÄ¯���E1w¡§Ø¬K�$1�Ý"L¡

[©��ªkéõ«"�â[©4�¡�Ð©����� �'X©a§[©¡

���±©�%C.[©�{Ú��.[©�{"éuÐ©��¥�?¿����º

:§3ØÓ�[©�gþþk����:�ÙéA"XJù
:þ�Ó§Kù«[©

�{¡���.�§ÄK¡�%C.�"éu���.[©�{§Ð©���z��

��º:Ñ�3u)¤¡�¥§½Â¡�Ð©��:�´4�¡þ�:§ù¦

��±�\�*/��¡"Ïd3¡E.A^¥§��¡äkN´��)¤

¡	/�A:"éu%C�ª§Ù)¤�¡�:Ø²LÐ©����§Ï)¤�

[©¡'��.[©�)�¡�þ�p"¤ÙA^��{k Catmull-Clark[51]!

Doo-Sabin[52]!Loop[53]!Butterfly[54]�"�XGPU�uÐ§ù
�{®²�±3M

�þ¡¢y
[55–59]"

2.2.1 ������[[[©©©���{{{

ã 2.6: Loop[©�{¥AÛ:�)¤5K

16
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ã 2.6¤«�´ Loop�[©5K§�Ò´#º:�I�)¤�{"Ù¥oç�:

´#)¤�:§ù
:Ñ´d±��5�Î:\�²þ���§@
êi�L�Ò´

��"Ù¥cþ�:´��#)¤�£�ã¤§º:?�:´é�5�º:?1


 ��#£mã¤§±÷v1w5"ù
#)¤�:q©�SÜ:Ú>.:§¤±�k

o«�¹)¤#�:"

SÜ�Û:µb�kü�n�/ (v0, v1, v2)Ú (v0, v1, v3)§��>�ü�º:©O

� v1, v2§k

v =
3

8
(v0 + v1) +

1

8
(v2 + v3) (2.1)

SÜ�ó:µb�: v�Ý� k§Ù±����:� vi(i = 1, . . . , k)§�� β §

KTó:�Ù���Ù��:�\�²þÚ

v = (1− kβ)v + β

k−1∑
i=0

vi (2.2)

>.�Û:µb��^>�ü�º:� v0, v1§k

v =
1

2
(v0 + v1) (2.3)

>.�ó:µe>.º:3>.þ�ü��º:� v0, v1§@oTó:�Ù���

±�ü:�\�²þÚ

v =
3

4
v +

1

8
(v0 + v1) (2.4)

2.2.2 ������[[[©©©(((JJJ

ã 2.7!2.8!2.9Ð«
�
��[©�(J

ã 2.7: Stanfordêf":/¡ê�gµ362/693¶1416/2772¶5603/11088¶22293/44352
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ã 2.8: <��M":/¡ê�gµ509/928¶1937/3712¶7574/14848¶29972/59392

ã 2.9: <�%9":/¡ê�gµ1212/2420¶4832/9680¶19302/38720

2.3 NNN������¿¿¿©©©

k�����)¤´ó§+������K§TEâ3k��©Û!O�Å9

Ï�O!O�Åã/Æ!�ÆO��Àz!)Ô�ÆÚ/n&EXÚ�+�kX2�

�A^"��k��O��c?nEâ§��¿©�ó�þ3k��O�©ÛL§¥

Ó
����'§)¤���þ�Ð�ò��K���Y�ó�(J"Ïd§��

)¤Eâ3k��©Û¥ÓXÞv��/ "<óy©����¤å!Ñ�§¿�

N´Ñ�§y©äkE,>.�n�¢N�´Xd§Ïd��ü��gÄy©Eâ´

ïÄ�9:"

3N��¿©�{¥§äk�L�k Delaunay�{[60, 61]§u 1934c�I�

êÆ[ B.DelaunayJÑ� DelaunayOK¶l�ä (Oc-tree)�{[62, 63]±9c÷í?

{ (Advancing Front Technique, AFT)[64]" Delaunayo¡N¿©�{duÙ¤Ù�n

Ø9Ù�äOK§�~·^un�¢N���¿©"äkÙ¦�{Ø�'[�`��

?§Ù`�5Ì�Ny3±eü�¡µ

(1) Delaunayduäk'��õ�êÆnÖÄ:§U
(�éu?ÛE,�Ñ\�

.?1o¡Nz��{�Âñ5¶

(2)�{�Çp§¤)¤�ü��þÐ"
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2.3.1 ������¿¿¿©©©���{{{

·���I�¦^�´��å� Delaunay o¡N¿© (Constrained Delaunay

Tetrahedralization, CDT)§½Â�3�½��½£>.¤^�e§ò�¿©«�©)

¤÷v DelaunayOK�o¡Nü�8Ü" Delaunaykü�OKµ

(1)�¥A5§=Delaunay o¡N�	�¥SÜØ�¹?ÛÙ¦º:§Xã 2.10

¤«§ q:3 abcd/¤�	��S§�´%3>. F �	¶ p:3>.þ§�%3

	���	Ü"

(2)�����zA5§=3:8�U/¤�o¡N¿©¥§ Delaunay¿©¤/

¤o¡N����¡���"lù�¿Âþù§ Delaunay¿©´��Cu5Kz��

o¡N",3>.?K´#NÑyØ÷v DelaunayOK�o¡N§ù��Ð?´;

�3>.?�)�þ��NÈ�o¡N��"

ã 2.10: DelaunayOK��¥A5

Hang [65]JÑ�n� Delaunay��)¤�{�±|±õ«�.�ª§�2�¦

^"��©ã�5|ÜN (Piecewise Linear Complex, PLC) X �±Cq�L«?¿E

,L¡/G§Ï�§�¹
º:!¡ãÚ¡"� X0´�� PLC�Ð©/�§ ρ0´�

»->�'§ T ´ Delaunayo¡Nz���(J"�{Xeµ

(1)Ð©z�� Delaunayo¡N D0�¹ X0¥�¤kº:¶

(2) �â�»>�' ρ §ÏL�\#�:§3 D0 ¥¡E X0 �(�§l�#

X0 → X1 ±9 D0 → D1¶

(3)\\#�:l�K X1¥òz�Ü©¶l�# X1 → X2 ±9 D1 → D2¶

(4)E� D2 ¥�fL¡ X2 §l���ª� T ¶(5)\\ Steiner:5Jp��

�þ¿`z��"

Ù¥I�5¿�´µ D0 �±ÏL?Û�«IO�{5ïá¶�\:7L�Å

Delaunay�)¤5K¶ T ¥?Ûo¡N��»>�'ØU�L ρ0" CDT)¤�o¡

N��U�±éÐ�½5§¿(��¡�Ñ3Ü·���S"
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2.3.2 ������¿¿¿©©©(((JJJ

ã 2.11!2.12�Ñ�´��[©c��¿©(J"ã 2.13!2.14Ú 2.15´{z�

|�ì(�.¿©(J"

ã 2.11: ���µ¿©c§:1729§¡3458¶mµ¿©�§:2145§o¡N7456

ã 2.12: [©���µ¿©c§:6916§¡13832¶mµ¿©�§:8395§o¡N27918

ã 2.13: %�µ¿©c§:1202§¡2400¶mµ¿©�§:5922§o¡N24369
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ã 2.14: �µ�µ¿©c§:1226§¡2448¶mµ¿©�§:9714§o¡N37609

ã 2.15: _µ�µ¿©c§:666§¡1328¶mµ¿©�§:32717§o¡N137426

2.4 ���ÙÙÙ���(((

��?nL§Ä�þáu¤Ù�Eâ§��
·AØÓ�I¦§�´kéõ��

&¢�/�§3ùpØ�Lõ�0�"�ÙÒ��?nÐm?Ø§k�0�
��{

z§��[©±9��¿©��{nØ§¿��Ñ
Ü©ÿÁ(Jã"���?n´

�
�Ð�?1k���{§e�Ùò�[ùã��5k���?n�{"
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3.1 kkk���������{{{VVVããã

k���{´)û�«ó§¯K�~^�{"Ä�g�´òëYNÅ�lÑ¤e

Zfü�§ü�mÏL>.þ�(:�ë�§/¤��|ÜN¶,�^z�ü�S�

Cq¼ê©ãL«¦)�S�¦���Cþ§Ù¥�Cq¼ê^��Cþ¼ê3z�

ü�(:þ��Ú�ÙéA���¼êL«¶��ÏLÄuC©�n�êÆ�.§ï

á¦)��þ��ê�§|½ö�©�§|§¿ÏLê��{¦)�§|"

�Xk��Eâ�ØäuÐ§k��3�ÆA^¥�uÐ�Åìm©"du)Ô

^|��Ø�Ø 5!Ê�5!�/!��É5���5åÆá5�K�§·�éJ

�EÙ°(��.§¿�duO��E,5§Ó��éJ��¢�5"

�,ó§¥k���A^®²�~¤Ù§�´)ÔåÆ¥�A^âffåÚ"8

cISþ�vkaqu ANSYS½ö ABAQUS��û�¤Ù^�^u)Ô�Æ+�"

C
c5§éõïÄö$^k��nØ§3J[Ãâ^|�C/¥�
Nõ�[

�ý"{II[&E�gÄzïÄ¤ (INRIA)3J[Ãâ�ýA^+����±X+

k.�`³"¦��móä SOFA´8c`D��[^|�C/�²�§�Ñ


°O¯��ú¥C/�[[66]§�xSæÃâ�54Ñ" Joldes�[67]æ^g·AÄ�

tµ��{)û��5k���¯K§¿A^��MC���[¥" Boonma�[68]�

[
�.Ãâ�é�Ç��e�J§é/e0cÚ/e0��^|�©mï�§\r


ec��[�Ý§Jp
e��ý°Ý" Qin�[69]JÑ
��Äuk����.

µe5�OJÜÉ+5�Øå©Ù§¢�(J��K*	¤���(J�±��" Li

�[70]^k��¤õ�[
�+Ãâ¥��p�+�$ÄC/�¹" Dick�[71]3GPU

þ¡§ÿÁ
8¡N���k��$1�Ç§¡é��þ?���ü�§��
z¦

11��mÚ��p�$��Ý"±þïÄÑÑu¢�¿�ã§ý�UÝ\½|A^�

�vkÑy"

3.2 kkk���������§§§���ïïïááá

3ëY0�åÆ¥§ÔN�1��b��ëY�Ô�Ø´lÑâf�$Ä"�


Ðmk���{�A^§·�kl�5åÆnØ��'Vgm©0�§'X £!

AC!Aå�§�X!Ø��5�.����§§Ú\��5k��²ï�§§��

�Ñ¦)�{"
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3.2.1 åååÆÆÆÄÄÄ���VVVggg

b���ÔN Ωl t = 0���Ð©�. K0 C/� t > 0�y��. Kt" Ωþ

�: P §3ë��IXS§�C/�� � (position)�þ�X§duC/§: P £

Ä�#� � x"�Ò´T:�)
 £ (displacement) u§·�½Â u = x−X" Ω

þ¡¤k�:du/C�)� £|P�U"^k��O�/C�'�Ò3uO�

ÑU��"

£ã$Ä��{kü«§^Ð©�.��ë��.��{¡�Ô�£ã£=

Lagrange�{¤¶^y��.��ë��.��{¤��m£ã£= Eular�{¤"ë

��.Ø�X�mCzCz�¡��� Lagrange�{§�X�mCzØä��Ð

©�.�¡��# Lagrange�{" Lagrange�{±Ô�:�*	é�§3y��.þ

MïÄ��§§õ^u�N¯K¥¶ Eular�{lÔNÓâ��m:þ5*	$Ä§õ

^5�[6N�$Ä"·�ùp�é^|��C/æ^�´ Lagrange�{"

·�l £�½Â�±����n��m�C/N�¼ê ϕ§÷v

x = ϕ(X) = X + u(X) (3.1)

ÔNSÜu)C/±9�)C/�Så©O¡�AC εÚAå σ"éu: P ·�

3Ð©�.�ë��.��Ie½Âó§AC

ε =
∂u

∂X
=

∂

∂X
(x−X) =

∂ϕ

∂X
− 1 (3.2)

rÉå:w��á�Nü�§3z���þ¡�k�é���AåACÚüé�

��AåAC§gdCþ©OÑ´8�§�þ/ª� ε̂ = [εxx, εyy, εzz, γxy, γxz, γyz]Ú

σ̂ = [σxx, σyy, σzz, σxy, σxz, σyz]§ ε´�AC§ γ´�AC§ÙÝ
/ª©O�

ε =


ε11 ε12 ε13

ε21 ε22 ε23

ε31 ε32 ε33

 =


εxx

1
2
γxy

1
2
γxz

εyy
1
2
γyz

sym εzz

 (3.3)

σ =


σ11 σ12 σ13

σ21 σ22 σ23

σ31 σ32 σ33

 =


σxx σxy σxz

σyy σyz

sym σzz

 (3.4)

ïÄ�5åÆ�k��©Û§'�´n�Ä��§µAÛ�§§Ôn�§Ú²ï

�§"Ù¥AÛ�§£ã�´ £�AC�m�'X¶Ôn�§£ã�´AC�Aå

�m�'X¶²ï�§£ã�´Aå�	å�m�'X"ÏLùn��§§·�âU

ïáå £�	å�'X§Ï~´®�	å§5¦)ÔN £§��C/(J"e¡

A!Ò´�7ùn��§Ðm�"
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3.2.2 AAACCCÚÚÚAAAååå

ã 3.1: Ω lK0 C/�Kt

·��Äë��.þ��ål� dX�ü�: P Ú Q§¦�� ��þ©O´X

ÚX + dX"©OéAy��.þ���ål� dx�ü�: pÚ q§¦�� ��þ

©O´ xÚ x + dx"@o P !Qü:�u)� £©O�£�ã 3.1¤

u(X) = x−X (3.5)

u(X + dX) = (x + dx)− (X + dX) (3.6)

�â (3.5)·��±���� dxÚ dX�m�'X

dx =

(
I +

u(X + dX)− u(X)

dX

)
dX = (I +∇Xu)dX (3.7)

dX´Ð©�.¥�åéC�ü�:� ��"3fN$Ä½ö�/C�L§¥§

ùü�:¤�)� £3¥þþ´�C�§Ï��u)
²£Ú^=§±9é��/

C§@od� dxÄ��±ØC¶�´3�C/L§¥§ü�:u)� £��é�§

�� dX�UÚåé�� dx§üö®²ØU�±�5�'X§ù�ÒI��O�é�

/C�AåÚACÜþ"

H = ∇Xu¡� £FÝÜþ§k

[Hij] =

[
∂ui
∂Xj

]
=


∂u1

∂X1

∂u1

∂X2

∂u1

∂X3

∂u2

∂X1

∂u2

∂X2

∂u2

∂X3

∂u3

∂X1

∂u3

∂X2

∂u3

∂X3

 (3.8)
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F = I + H¡�C/FÝÜþ§k

[Fij] =

[
∂xi
∂Xj

]
=


∂x1

∂X1

∂x1

∂X2

∂x1

∂X3

∂x2

∂X1

∂x2

∂X2

∂x2

∂X3

∂x3

∂X1

∂x3

∂X2

∂x3

∂X3

 (3.9)

C/FÝÜþ�N
���C/�$Ä�¹§����é¡�" F´���5C

�§rÐ©�� dXC�¤y��� dx"¦ dX�Ýu)UC�Ó��^=�½��

Ý"

J = det(F)¡�C/FÝÜþ� Jacobian1�ª"§�N
ÔNNÈ�CzÇ§

�du�Ý�UC§k J = ρ0/ρ"Ù¥ ρ0´Ð©�.��Ý§ ρ´y��.��Ý"

·�5w�� dx�Ý�²�

|dx|2 = dxTdx = dXTFTFdX (3.10)

C = FTF¡�m Cauchy-GreenC/Üþ§25w�� dx�Ý²��UCþ

|dx|2 − |dX|2 = dXTCdX− dXTdX = dXT (C− I)dX (3.11)

E = 1
2
(C− I)¡� Green-LagrangeACÜþ"

ÔN3	å�^e�)$Ä½ö��²ï§ù
Ñ´3C/��u)�§Ïd�

KþATæ^y��.5£ãAå�Cz"b�ÔN3y��.¥k�����¡�

ndA§þ¡É� dt��^å§K�í�Ñ¡�þ�Aå t"

t = σn¡� CauchyAåÜþ"TAå´Äuy��.§Ïd��ýAå"�3

c¡�©Û¥��§��®�Ð©�.§y��.´���"�
�BO�§Øæ

^ Eular£ã¦^ Lagrange£ã5½ÂAåÜþ"

τ = Jσ¡� KirchhoffAåÜþ"

P = JσF−T ¡�1� Piola-KirchhoffAåÜþ"

S = JF−1σF−T ¡�1� Piola-KirchhoffAåÜþ"

éuÉ6��[§�æ^ CauchyAåÜþ¶1� Piola-KirchhoffAåÜþ´é¡

Ý
§'1� Piola-KirchhoffAåÜþ�·Ü�ê��["

3.2.3    £££ÚÚÚAAACCC���'''XXXµµµAAAÛÛÛ���§§§

�âC/FÝÜþÚ £FÝÜþ�m�'X��

E =
1

2
(FTF− I) =

1

2
[(I + H)T (I + H)− I]

=
1

2
(H + HT + HTH) (3.12)
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�§ (3.12)L��Ò´ £�AC�'X§�Ò´AÛ'X"ù�úª²(�L

�
AC´^NC/ÚfN$Ä�m��O"XJ´vku)/C�fN$Ä§k

FTF = I§�Ò`²AC�""

3.2.3.1 ���///CCCµµµ���555AAAÛÛÛ���§§§

éu�/C¯K§ ∇u � 1§�� �¦È��±��Ñ§·����5�AC

Üþ

ε =
1

2
(H + HT ) (3.13)

Ù©þ/ª�

εij =
1

2
(
∂uj
∂Xi

+
∂ui
∂Xj

) (3.14)

ÙÝ
/ª�

ε =


∂u1

∂X1

1
2
( ∂u1

∂X2
+ ∂u2

∂X1
) 1

2
( ∂u1

∂X3
+ ∂u3

∂X1
)

∂u2

∂X2

1
2
( ∂u2

∂X3
+ ∂u3

∂X2
)

sym ∂u3

∂X3

 (3.15)

Ù�þ/ª�

ε̂ =



εxx

εyy

εzz

γxy

γxz

γyz


=



∂
∂X1

0 0

0 ∂
∂X2

0

0 0 ∂
∂X3

∂
∂X2

∂
∂X1

0

0 ∂
∂X3

∂
∂X2

∂
∂X3

0 ∂
∂X1




u1

u2

u3

 = Pu (3.16)

Ù¥ P´AC�FÝ�fÝ
"

3.2.3.2 ���///CCCµµµ������555AAAÛÛÛ���§§§

éu�/C§du�� �¦È� HTH = ∇XuT∇XuØU�Ñ§¤±ACÚ 

£�m´��5�'X"�/Cé���ÿ§ù��� �¦È��¬�~��§d

�´;.�AÛ��5"

Ù©þ/ª�

Eij =
1

2

[
∂uj
∂Xi

+
∂ui
∂Xj

+
3∑

k=1

(
∂uk
∂Xi

)(
∂uk
∂Xj

)]
(3.17)
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Ù�þ/ª�

Ê =



εxx

εyy

εzz

γxy

γxz

γyz


=



∂
∂X1

0 0

0 ∂
∂X2

0

0 0 ∂
∂X3

∂
∂X2

∂
∂X1

0

0 ∂
∂X3

∂
∂X2

∂
∂X3

0 ∂
∂X1




u1

u2

u3

+



1
2

3∑
k=1

( ∂uk

∂X1
)2

1
2

3∑
k=1

( ∂uk

∂X2
)2

1
2

3∑
k=1

( ∂uk

∂X3
)2

3∑
k=1

( ∂uk

∂X1
)( ∂uk

∂X2
)

3∑
k=1

( ∂uk

∂X2
)( ∂uk

∂X3
)

3∑
k=1

( ∂uk

∂X1
)( ∂uk

∂X3
)



= PXu + P̄X(u)

(3.18)

P̄X ´ACÚ £'X���5Ü©§ùé�¡�¦)´���~J�¯K"¤

±·�Á^�«�5�'X5Cqù«��5�¯K"w,§�^�5Ü© PXu5C

q PXu + P̄X(u)´ØÜ·�"�Ä� PX´�éÐ©�.�FÝ§3AÛ��5C

/¥§ü��AÛ/G�X�mUC§!:ACFÝ�AT��Cz"Ø��Xe

b�

PXu + P̄X(u) ≈ PXFTu = Pxu (3.19)

ù�ÒrAÛ��5¯K=z¤
�5�¦)¯K"

3.2.4 AAACCCÚÚÚAAAååå���'''XXXµµµÔÔÔnnn���§§§

ÔN3	å�^eu)�)Aåu)/C§	åé��§�Ø	å�AåÚ/C

�����§ù«�±¡E�A5Ò´�5"eAå�´�c���C/FÝÜþ F

�¼ê§��c�Ã'¡���5�.§'X�{ü����."�Ð©��Ú�

����G�Ñ�'�K¡���5�.§{ü`§Ò´ÔN3	å�^eu)
�

��L�54�ACþ�AC§�´�1�AC%�U¡E��5�G�"

ÔNAåÚAC�'X¡���'X"§�N
ÔNá����k�á5"Ï~

´ò£ãëY0�C/�ëþ�£ãSå�ëþéXå5��|'Xª"¦��m�

'Xª§q¡���§"éuØÓ�Ô�§3ØÓ�C/^�ekØÓ���'X§

�¡�ØÓ����."��þ`§Ò´Ôn'X§ïá��§¡�Ôn�§§§´

(�½öá��÷*åÆ5U�nÜ�N"eå
/C�SÜÔnÆ�m�xù"

He�[72]l©få��Ýí�ÑØ�Ø ��5N�Aå�/C�'X§�Ñ


�)SåÚL¡VÚå�ÛÜ/Cúª" Mousavi�[73]JÑ�ÚOk���.§�Ä

�ØÓ�N�Ó�|�ì(3/�á5�¡��q5§ò|�ì(�AÛ(�Úk�

�C/L§ÏL��'X'é3�å§|^ ²�ä½öÌ¤©©Û��{§ïáü

ö�m�'X§l~� FEM�O�R¬"
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3.2.4.1 ������555µµµ���555ÔÔÔnnn���§§§

��5`§{z�Ôn�§´�5�§�Ò´`AåAC�m�'X�±^�^

��5�["ù«�¹e�±��ïá���§§AåÜþ σ´'u�ACÜþ ε�

�5¼ê§= σ = Cε"Ù¥ C ´£ãá�AåAC'X�o��5Üþ�¤��5Ý

"|��)ÔåÆA5Ø==�ûu�I �§��ûu�m��§´�«��É

5�á�§k 21�Ø�'��5~ê§�ù«A5éJlã�êâ¥¡EÑ5§¤±

·�Cq¤��Ó5��kü�Õáëê"Aå�ACkXe'X

σ = λ(tr(ε))I + 2µε (3.20)

Ù©þ/ª

σij = λ(tr(ε))δij + 2µεij (3.21)

ÙÝ
/ª

σ =


λ

3∑
k=1

εkk + 2µε11 2µε12 2µε13

2µε21 λ
3∑

k=1

εkk + 2µε22 2µε23

2µε31 2µε32 λ
3∑

k=1

εkk + 2µε33

 (3.22)

Ù�þ/ª

σ̂ =



λ+ 2µ λ λ 0 0 0

λ+ 2µ λ 0 0 0

λ+ 2µ 0 0 0

µ 0 0

sym µ 0

µ


ε̂ = Cε̂ (3.23)

Ù¥ λÚ µ¡� LaméXê§��5�þ E ÚÑt' ν �'X

λ =
Eν

(1 + ν)(1− 2ν)
, µ =

E

2(1 + ν)
(3.24)

3.2.4.2 ������555µµµ������555ÔÔÔnnn���§§§

�´�õê)ÔåÆ�.Ñáu��5�5¯K§�,Aå�AC�m�,�±

��N��'X§�´%Ø�±�5"·���±^ C L«ù«N�§ ŜÚ Ê©O´

Aå SÚAå E�8gdÝ�þ/ª§k

Ŝ = C(Ê) (3.25)
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�õêù��Ôn�§´dåÆ¢�[ÜÑ�(J§�k�
²;�§´ÏL

��5�.�ACU¼ê W í�Ñ§^5£ã��5á�"ùp·�=�ÑÄu

Green-LagrangeACÜþ E�1� Piola-KirchhoffAåÜþ S�ACU¼êW �m�

'X§Ó�d E = 1
2
(C− I)��ACU¼ê�m Cauchy-GreenC/Üþ�¼ê'X

S =
∂W (E)

∂E
= 2

∂W (C)

∂C
(3.26)

éu��Ó5���5á�§W �´ C�ØCþ�¼ê§=

W = W (C) = W (I1, I2, I3) (3.27)

Ù¥ C�ØCþ©O�

I1 = tr(C), I2 =
1

2
(tr(C2)− tr(C)2), I3 = det(C) = J2 (3.28)

@o1� Piola-KirchhoffAåÜþ�

S = 2
∂W

∂C
= 2

∂W

∂I1

∂I1

∂C
+ 2

∂W

∂I2

∂I2

∂C
+ 2

∂W

∂I3

∂I3

∂C

= 2
∂W

∂I1

I + 2
∂W

∂I2

(I1I−C) + 2
∂W

∂I3

I3C
−1 (3.29)

éuØ�Ø �á�§duNÈ�±ØC§ I3 = 1"

éu�C/§�5�.Ø3·^§�±æ^�{ü� St. Venant-Kirchhoff��5

�.§ÙACU¼ê�

W (E) =
λ

2
(tr(E))2 + µE2 (3.30)

1� Piola-KirchhoffAåÜþ�

S =
∂W

∂E
= λ(tr(E))I + 2µE (3.31)

Neo-Hookean�.´l St. Venant-KirchhoffuÐ5�§õ^u�[��Ô���

Ø �.§ÙACU¼ê� (Ī1 = J−2/3I1)

W (C) =
µ

2
(Ī1 − 3) + λ(J − 1)2 (3.32)

1� Piola-KirchhoffAåÜþ�

S = µJ−2/3I + λJ(J − 1)C−1 (3.33)

Mooney-Rivlin�.´�«���� Neo-Hookean�.§ÙACU¼ê�

W (C) =
µ1

2
(I1 − 3)− µ2

2
(I2 − 3) (3.34)
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3.2.5 AAAåååÚÚÚ			ååå���'''XXXµµµ²²²ïïï���§§§

 £�AC!AC�Aå�'X®²�Ñ§��I�ïáÄ�²ï�§éÑSå

�	å�m�'X"C/L§^·åÆ�§5©Û´ØÜ·�§I�ÏLÄåÆ$Ä

�§5í�"$Ä�§©q©��©/ªÚÈ©/ª"È©/ªÒ´~`�Jõ�

§§ù3k��A^¥äk�©��nØÄ:9/ "3��5¯K¥£�)AÛ

��5Úá���5¤§aqu�5¯K§l²ï�©�§ÚAå>.�§Ñu§ïá

Jõ�§§2dÄ:þí�Ñk��lÑ�§^uê�O�"SÜJõ�	ÜJõ�

oÚ�"§�æ^ Lagrange£ã�Äu1� Piola-KirchhoffAåÜþ S±9 GreenA

CÜþ E�Jõ�§�

Π =

∫
Ω

1

2
ETSdV︸ ︷︷ ︸−

∫
Ω

uT f0dV −
∫

Γ

uT t0dA︸ ︷︷ ︸ (3.35)

Ù¥§ f0 �ü �C/NÈ¤É�Nå§ t0 �ü Ð©¡È�VÚå�þ§ δv´J

�Ý"duæ^�´ Lagrange£ã§¤±È©�Ñ´ÄuÐ©�.ó�"

3.3 kkk���������§§§���¦¦¦)))

�éE,�AÛÚÔn(�§k���[�±��p°Ý��ý"k��)�°

Ý�6uü:µü���¿©°[§ÝÚz�ü�þ�5Õá�Ä.¼ê�ê"¤±

Jp FEM°Ýkn«�{§�«´\�k����¿©±%C�() (h-FEM)¶,

�«��¿©ØC§O\�ü�Ä.õ�ª��ê (p-FEM)§�k�«´éÜ�{

(h-p-FEM)" Tanveer�[74]�Ñ�·Ü p-FEM�{§^���AÛü�Úå|§±9

p��Ä.õ�ª§é��5��5�.?1©Û§¿� ANSYS^��(J�'�§

�Ç�p§(J�O("�¦)��5�§|3.35§ÄkI��5zT�§§�Ò´¦

)Jõ�§����ê"d	§Jõ�§´�é��«��È©§O��I�ò«�

lÑz¤���k�ü��È©Ú"

éuo¡N��(� e§��¥?¿��: ui ��I�±d!:�I uej(j =

1, 2, 3, 4)�5L«§k ui = Neuej §Ù¥NeL«Tü��/¼ê§^u�IC�"3

ü�(� e¥§ACÚ £�'XXe

Êe = PXFTu = PXFTNeue = Bue = B(ue1 : ue2 : ue3 : ue4)
T (3.36)

Ù¥§ B�¡�o¡Nü��AC- £Ý
"

3.3.1 ������fffÝÝÝÝÝÝ


{{{

k5�	�5Ôn�§éA�k��¯K§ÏLAC £�'X±9ÚAåAC

�'X§éu?¿k��ü� e§Jõ�§ 3.35��¤

Πe =

∫
Ωe

1

2
(Bue)

TC(Bue)dVe −
∫

Ωe

(Neue)
T f0dVe −

∫
Γ

(Neue)
T t0dA
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=
1

2
uT
e (

∫
Ωe

BTCBdVe)︸ ︷︷ ︸
Ke

ue − uT
e (

∫
Ωe

NT
e f0dVe +

∫
Γ

NT
e t0dA)︸ ︷︷ ︸

re

(3.37)

·�l¥�±��¹ko�!:&E� 12× 12�ü�fÝÝ


Ke =

∫
e

BTCBdVe (3.38)

Ù¥ C ´�5Ý
"ÏLC©�n§·���fÝÝ
Ú	å�m�'X

∂Πe

∂ue

= Keue − re = 0 (3.39)

©O¦Ñz�ü��fÝÝ
±�§|C���N�fÝÝ
§k

K =
∑
e

Ke (3.40)

éu·�k��©Û§ØI��Ä.5Ï�§�´3ÄåÆ©Û¥§cÙ´J[

Ã¥|��C/§.5åÚ{ZåÑ´Ø��Ñ�"ÏdT�§|Ø´{ü��ê�

§|§´��E,���5�©�§|"

�Ä�XÚ¥��þ!{Z!fÝÝ
¤Úå�n«åÆÏ�§±9	Ü1Ö�

K�§XÚlÑ��±��²ï�§|

Mü + Du̇ + Ku = r (3.41)

Ù¥ u̇´!:��Ý�þ§ ü´\�Ý�þ§M´�þÝ
§ D´{ZÝ
§ K´

fÝÝ
§ r´	Ü1Ö�þ"

'u��~�©�§|�ê�¦)�{§��kw« Eular{!Ûª Eular{±9

o�9�-¥©{"�´3T¯K¥§Ý
��êÑ'�p§Ï~��{Ø�¢S§�

�¦^��È©{"��È©{3�m�þ?1lÑ§?1��§z��©�ª§,

��âÐ©^�Ú>.^�§élÑ���5�ê�§|Å��¦) £")ûÄ�

k��¯K§��æ^ü«�mÈ©�ª§�«´w«È©§,�«´ÛªÈ©"Û

ªk����äk�p�½5§'X Newmark�{[75]§Wilson θ�{[76]"Ù¥é

u�5¯K§�mÚ��±?¿ÀJ�Î�±/C½" Joldes�[77]�Ñ
�«¦

)½�mÚ��O��{§T�{Ø=·^uk���.§Ó��·^uÃ���

âf�."

ù�¯K=z¤�Ý
��5�§|¦)¯K§I�¦)DÕfÝÝ
�_§´

��O�þ�©
��ó§"
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3.3.2 mmm���fffÝÝÝÝÝÝ


{{{

éu��5Ôn�§§du�5Ý
 C Ø´{ü��5Ý
§¤±K´ £ u�

��5¼ê§Ã{Uìþ!��{��¦Ñü�fÝÝ
2?1U\"²ï�§��

5�Ñk«O

Mü + Du̇ + K(u)u = r (3.42)

ù��k��5�§|ÒC¤
��5�§|§ K(u)u�Ã{lÑz�z� £

:5¦)"·�3ùpÏL�5�{�í�§é�§?1�
Cz§±;mfÝÝ


�¦)"

y35�	²ï�§¥�fÝÝ
�K(u)u§(Ü (3.36)§(3.25)Ú (3.38)§í�

Xeµ

Ku = (
∑
e

Ke)u

= (
∑
e

∫
e

BTCBdVe)u

=
∑
e

∫
e

BTCBuedVe

=
∑
e

∫
e

BTCÊedVe (3.43)

=
∑
e

∫
e

BT ŜdVe

=
∑
e

fe

= f(u)

�±wÑ§·�ò��5fÝÝ
�=z¤
 f �O�§ f ¡�SAå§�Ò´f

ÝÝ
¤éA�fÝå"dz�ü�!:�Så fe |Ü¤§Ù¥3o¡Nü�(�

¥k

fe =

∫
e

BT ŜdVe

= VeB
T Ŝ (3.44)

Ù¥ Ŝ´1� Piola-KirchhoffAå��þ/ª§ Ŝ = [S11 S22 S33 S12 S23 S13]"

²LXþC�§��§ (3.42)=z�

Mü + Du̇ + f = r (3.45)

Ù¥ f ´!:éA�SAå§ r´ÙéA�	Ü1Ö"
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·��Ä���þÝ
§�Ò´òÔN��þ©Ñ8¥�z�!:þ§�k!

:�3å�^"d��þÝ
Mz�é�Ý
§é����L«z�!:��þ

�"d	§{ZÝ
Ï~��þÚfÝ�'§~^ Rayleigh{Z§= D = αM + βK

(α = const, β = 0)�´é�Ý
"SAå f Ú	Ü1Ö rÑ�w�´!:Õá�§�

Ò´z�!:PkgCÕá�SåÚ	å©þ"

é�þ!{ZÚfÝÝ
lÑz��§²ï�§ (3.45)���

M(ün + αu̇n) = rn − fn (3.46)

Ù¥M = diag(M11,M22, · · · ,Mnn)§ n = 1, 2, 3, · · · , 3N § N ´!:êþ"

3.3.3 ¥¥¥%%%���©©©���wwwªªªÈÈÈ©©©{{{

éuwªÈ©§È©�mÚ�É���§Ï~I�ÄkO��.�mÚ�±�y

C/L§Ø¬Ï�Ú�L�(JuÑ"ùpæ^¥©�©��{5?1?n§Ð?

´�±=z�S�L§§;�¦)�5���5�§|"

y3¯K=z¤
�©�§�¦)§ u̇Ú ü©O´ £é�m t���Ú���

ê§ÏL¥%�©��{ò�©/ª=z��±ê�O���©�ª

tu̇n =
1

2∆t
(t+∆tun −t−∆t un) (3.47)

tün =
1

∆t2
(t+∆tun − 2 tun +t−∆t un) (3.48)

Ù¥∆t´ü �mÚ�§ tun´�c�m:� £§
t−∆tun´��ü �mÚ��c

� £§ t+∆tun K´��� £"rùü�úªA^�²ï�§ (3.46)¥¿�n��

un¤÷v�4íúª

t+∆tun = γ1M
−1
n×n(trn −t fn) + γt2un + γt−∆t

3 un (3.49)

Ù¥ γ1 = 2∆t2/(α∆t+ 2) §γ2 = 4/(α∆t+ 2)§γ3 = 1− γ2"

aq¥%�©{ù��w«�mÈ©�{Ñ´^�½�"�mÚ� ∆tAT��

�3Xe��S

∆t = α∆tcr = α
Le

c
(0 < α ≤ 1) (3.50)

Ù¥ Le´o¡Nü�¥¤kü�����Ý§ c´Ô�)äÅ��Ý§k

c =

√
E(1− ν)

ρ(1 + ν)(1− 2ν)
(3.51)

Ù¥ E ¼�þ§ ν ´Ñt'§ ρ´�Ý"ù
Ñ´ÔN���á5"ØÓ�N�Ø

Ó|�ì(Ñkg��k�á5"ØÓì(�m��É��§Ó«ì(3ØÓ�N¥
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��É��"3J[ÃâL§¥§XJ�´�ÃâÔö§@o·��I��|Ï^á

5ëêÒ�±
"ù
ëê��´ÏL�Æÿþ���§éu��IO�Æ�.§k

Xe(J

L 3.1: ØÓ|�ì(�Ônëê

^|� ¬5 �n

�Ý (g/mm3) 0.001 0.001 0.001

Ñt' (Ãþj) 0.49 0.49 0.3

¼�þ (MPa) 3000 6000 100

Ø
�ÆÃâÔö§3ý¢Ãâ�c��UI�?1J[�Ãâ�[§?1âc

�ý"<N|�Ø´þ!�(�§·�éJr§�Óu,«á�§þ¡¤�Ñ�Ôn

ëê�´��ë��"ù�·�ÒI���T¾<|��°(Ônëê"ÏL�ý¢

�.C/��O'�§ÔöÑ�ÎÜ¢S�ëê^uý¢�¹��["·�����

�O(�ëê§I�éù
ëê?1ý¢�O"^ïá��.�¾<�þ�æ8�ý

¢|��/C�'�§���`)^uÃâÜ �.�ëê�O"��±\\�
Ù

¦��ëê§3�pL§¥?1<�Zý"

S��mÚ��À�K�X�ª��J"�mÚ� ∆tÄkkþ� ∆tcr§�uù

��¬��XÚØ½§Ñy�Ø�(J¶Ú���¬O\S�gê§O\O�Kú"

L���mÚ�3nØþ¬Jp�[°Ý�Ó�¬O\\OØ�§¤±Ú��À�é

(J�'�"

3.4 ���ÙÙÙ���(((

�Ù:Qã
��5k���§��ï§�éAÛ��5ÚÔn��5�5�

O�(J§$^�
E|òÙ�5z§�ªí�Ñ�±^uO�ÅO��S�¦)�

{"�Ù�9��´��Ó5���5�.§¿vk�Ä��É5!Ê�5±9��

5�.��ï�)û"e�Ùò�[�ãXÛ3 GPUþ¢y�Ù��{¿JÑ��-

E�."
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4.1 OpenGLÚÚÚCUDA{{{000

g SGI (Silicon Graphics)úiuÙ OpenGL 1.0��±5§®²k 20c�{¤
"

3 2012c§ Khronos8ì\ÙíÑ OpenGL 4.3 [78] Ú¡�£Ä²�� OpenGL ES

3.0"m�5ã/¥ (Open Graphics Library, OpenGL)§´��n��O�Åã/Ú

�.¥§�Ð´{I SGIúi�ã/ó�Õmu��«õUr��n�ã/Å�£½

ö`´�«ã/IO¤"§u SGIúi�Ùã/ó�Õmu� IRIS GL§3ª²�

£�L§¥uÐ¤� OpenGL"����5U`��ã/A^§S�O.¡ (API)§

OpenGL·^u2��O�Å�¸"l�<O�Å�ó�ÕÚ�?O�Å§ OpenGL

ÑU¢yp5U�n�ã/õU" OpenGL���é£ÄàÚS¡àkõ���§§

´mu iPhone!Android±9éõ��ìÚS¡XÚ 3Dã/A^ÚiZ��IO

��" OpenGL��O¤ÕáuM�§ÕáuI�XÚ§3$1�«ö�XÚ��«

O�ÅþÑ�^§¿U3�ä�¸e±�r/ÑÖì�ªó�§´;�ã/?n!�Æ

O��pàA^+��IOã/¥"Ì�¿�éÃ´�^� DirectX§Tã/¥´±

COM��/ªJø�§¤±4�E,§½5�§,	�^úiPkT¥��§8c

�3Windows²�þ�^"

ã/?nì (Graphics Processing Unit, GPU)´A¿�ã/+�O��85!p¿

15�$��O§Ïd GPU�' CPUó§äk�õ�^uêâ$���âÜ6

ü� (ALU)§±9pS��°ÚõØ%?nì"u´§<�ò GPU^u�ã/?n§

=Ï^ GPU (General Purpose Graphics Processing Unit, GPGPU)"@k� GPGPU

mu§�¦mu<
ÙöÝºã/ API§ò�?n�¯KN��XÚìþ?1O�§

òêâN��«n§^p?XÚ�ó£Xµ Cg!GLSL!HLSL�¤?� shader§S§

,�ÏLã/ API£Xµ OpenGLÚ DirectX¤�1",«§Ýþ§ù«6§O\


muJÝ§��
 GPU�A^" 2007c§ NVIDIAúiíÑ�Ú�O���e�

(Compute Unified Device Architecture, CUDA) [79]§U
k�|^ GPU�r§$�U

åÚã���;�°?1Ï^O�§3ã�Àª?n!�ª£O!�ht&!6Nå

Æ!)ÔO�!©fÄåÆÚ7K©Û+�§����ü�êþ?�\�" CUDAe

�k��ü$
 GPUmu���§�32��A^u��+�"[B� GPU�;

�ü���´�� GPUuÐ���Ï�"

Cc5§�XGPUM�e��Øä�#§l Tesla� Fermi2� Kepler" GPU�

$�Uå��±����½Æ��Ý��uÐ§ GPU�2:$�Uå�'uÐ�Ý

�ú� CPUóäk²w�`³"Ó� GPUq|±�#� OpenGL"�X OpenGL

3.2�íÑ§ò8ÜXÚì (Geometry Shader, S)\\�
ã/6Y�¥§ld�±Ï
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LM�5?n
��º:&E"�#� OpenGL 4.3��IO§Ø=�5
�Ð�ã/

Ly§Ó��O\
�õ�cvk��J§�±��¦^ OpenGLE|5¦^$�X

Úì (Compute Shader, CS)º� GPUþ�?Ö"ù��±3ØÑ^�õ CPUõÑ�

�¹e¢y�Ð�ÔnÚ<ó�U��[[80]"

Ïd·�F"ÏL GPUéXÚìÚ CUDA�|±§�OÎÜ GPUe��p�¿

1�{9w«?n§¿©|^ GPU�r�?nUåÚã��;�°§�éØÓ��Ô

NØÓÜ �/C��§¢yg·A��.ý¢a±�§l¿©�[©2�k��O

�§±�¯��Ý5U§���Ð�(J§¦�J[Ãâ��J�\%ý"

4.2 kkk���������{{{333 GPUþþþ���¢¢¢yyy

CUDA?§�.ò CPU��ÌÅ (Host)§ GPU���?nì (co-processor)½

ö�� (Device)"3��XÚ¥�±�3��ÌÅÚõ���" CPUÌ�KI?1

Ü65r�¯Ô?nÚG1O�§ GPUK;5u�1pÝ�§z�¿1?n?Ö"

CPU! GPU�gPk�pÕá��;ì/��mµ Hostà�S�Ú Deviceà�w

�"

$13 GPUþ� CUDA¿1O�¼ê¡�SØ¼ê (kernel)"�� kernel¼ê¿

Ø´�����§S§´�� CUDA C§S¥����±�¿1�1�Ú½"

CPUG1�è�¤�ó��)3 kerneléÄc?1êâO�Ú��Ð©z�ó

�§±93 kernel�m?1�
G1O�"n��¹´§ CPUG1�è��^AT�

´�nþ��SØ¼ê§¿éÄe��SØ¼ê"ù�§Ò�±3��þ�¤¦�U

õ�ó�§~�ÌÅ����m�êâDÑ"

4.2.1 wwwªªªSSS������¿¿¿111zzz

^wªÈ©{¦)k���§´�~·Ü GPU¿1O��"T�{Ì�dü�Ü

©�Ì�|¤µ��´éuz�k��ü�O�SAå fn¶,��´�éz�!:O

�e��mÚ�¤�)� £ t+∆tun§�ö�O�´�6ucöO��(J"3z�

Ì�S§·��±æ^¿1O�§Ï�éuk��ü�Ú!:5`§¦�Ñ´Õáu

±����ü�Ú!:�"ù«Äuêâ�¿1O�§�±æ^ GPU� CUDAe�

5¢y¿1?nü��¯�¿1O�"

lþ�Ù�í�5w§k�
êâ3��$�L§¥�±ØC§@oÒ�±éù


êâ?1ýO�"~XAC £Ý
§¥%�©�§�Xê��±JcO�Ð¿;

�å5"ù
�g5O��êâ�,�±´l�ØO�m¤��§�·��,DÑ�

GPUà?1O�¿��3w�þ§^u�¡�S�O�"Ï� CPUÚ GPU�m�Ï

&´�~ú�§·�¦þ�g5rêâ��w�§ØO\DÑKú"éuk��C/

�O¯K5`§8I £Ñ´JcÒ�Ð�§C/L§¥ £��#�±��3 GPU
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¥?1§A�ØI�Ï&"�éu¢��p�C/5`§z��mÚS���§ £

ÚåÑk
�g�#§éuw«5`§�±rêâ��ÏLw�?1w«"�´éu

å�"5`§�I�òO����êâD£ CPU?1å��"§¿�#	Ü1Ö��

�"

·�¦^�5o¡Nü���§§�^5�ýA�Ø�Ø �á��§ù
ü�

(�¬�~Ð�3 GPUþ)¤¤I��(J"z�ü�ko�º:§z�º:qkn

�gdÝ"¤k��;�êâÝ
Ñ´ù
��ê§'XAC £Ý
´ 6 × 12§ü

�!:�Så�þ´ 12 × 1��"ù���ê�~·Ü=��oÏ� (RGBA)�«n

S�§BuêâDÑw«"·�¦^ã/ API (OpenGL)� GPU�p§¿1� Kernel

¼ê^ CUDA�¤"

4.2.2 Kernel1µµµüüü���ÌÌÌ���

ù�Kernel¼ê�8�´O�þ�Ù¥0��ü�!:�Så§�Ò´fÝå"3

?1ùÚö��c§¤ký?n�CþÑ®²O��.;�3wk��ÛS�p¡"

b�TÔN�¿©¤ Ne �o¡Nü� Ti(i = 1, · · · , Ne)§@oòuå Ne �Õá�§§

z��§KI��ü�þo�!:�SåO�§z�!:qkn����Så"

éuz��uå��§§I�KI�O��)µ(1)NÈ Ve �O�§duæ^�

´ Lagrange�{§±Ð©�.�ë�X§NÈ Ve´Ð©G�eü��NÈ§ù/CL

§¥ù�þØUC"¤±�ÏLý?n��"(2)/C- £Ý
 B§I�kO�Ñ 

£FÝÜþ§�Ò´I�þ�Ú�!: £§�±ÏL�Û!: £��¶Ó��I

�/¼ê�FÝÜþ§ý?n���" (3)Aå Ŝ§I�ÏL £FÝÜþk�Ñm

Cauchy-GreenC/Üþ§2ÏL���§¦ÑAå�©þ�"

éuz�o¡Nü�§I�¦)�´�� 12(4× 3)��þ"�¤kü�!:�S

å�þO��¤�§éu?��!:§¦3ü�ü�þPk�|�§�3���mS

%Pkõ|ê�§©O5guz���¹T!:�o¡Nü�"·�I�rù
�Ó

!:�Så�U\��å§/¤�NSåÝ
"�«�{´òù
!:êâD£S�§

^ CPU¢y¶,�«�{K´3e¡�Ø¼ê¥¢y"

4.2.3 Kernel2µµµ!!!:::ÌÌÌ���

b�C/ÔN�k Nn �!: Vi(i = 1, · · · , Nn)§uå Nn �Õá�§^5O�z

�!:� £�þ§z� £�þ�)n����©þ"

Äkkrþ�Ø¼ê���ü�SAå�?1Ü¿§@oI��ï��¢ÚL§

z�!: ViéA��¢ÚL Idi[(s1, t1), (s2, t2), · · ·]§¢ÚLþz�é (s, t)éAXT!

:©OÑy3ü� Ts�1 t�:( t ∈ {1, 2, 3, 4} )"ÏLéù«Ä�¢ÚL�Ì�§z

�!:�§ÄkO�ÑT:��NSå� fi"
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ã 4.1: �NSåÝ
�Ü¤

Xã 4.1¤«§!:ViéA¢ÚL Idi§éAXn�ü�!:§(17, 2), (20, 3), (24, 1)

§3ØÓo¡N¥�n�:¢S��Ó��!:"

�XO�Ñ	å ri ��§�)å§�på�"Ø+´Û«å§Ñ�Äk=z¤

�é!:�Õá�å"�¤±�Ñ(½��§|^�©úª§S�Ñe���� £"

ù«�# £��{§é·ÜO�Å¦)"éu!:Ì�5`§¤I��o�m�u

�ú��§?1Ì�¦Så¤I���m"�Ò´`§XJ��¿©�AÛN¥§k

,
!:Ó���
éõo¡N��ÿ§O��ÇÒ¬eü§'Xã 4.2¤éA¿©"

(a) ¡�� (b) N��

ã 4.2: ØÓ�o¡N¿©(�
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¥N (b)¤æ^�¿©/ª��
¥%�!:�þ��o¡N§lO���Ý5

w¬��ü$$��Ç§Ó�Ñyd��o¡NØ÷v Delaunayo¡N¿©�OK�

�µ��z���§�éC/���¬�)é��Ø½5"

4.3 ¯̄̄���---EEE���...

3�pªJ[Ãâ¥§^r����J[Ãâì��gd-EJ[ì("¤±7

Lò-E!:±9�)�å���O�Ñ5§D� GPU�O� £§2ò £D£�

O��"å���Ú��"�Ò´`§3e��mÚO��c§��¤þ�Úêâ�

DÑ±9�"å�O�§¿�3ù��mÚS$1 Kernel2�crùg�	åêâD

\"3ØK�¢�5�cJe�¤ù�X�ö��´8cI�)û�¯K��"

ÔNu)/C�	åÌ�5gu-E§�fN-Euÿ�'�§�C/N�-E

uÿ��E,"Ø1I��ÄÔNm�-E§���Ä��C/e�g-E[81]"3f

N-Euÿ¥§ÏL¦^�
�mêâ(��±´�{��Ç��é�Jp§ù
ê

â´ïá3ý?n�ã�¤�"�C5ÔN�-Euÿ¥§ù
êâI�¢��#§

l¦5U�ÌÝeü§ÏdÀJêâI��©�%"�(�-E?nI�¼��þ

�-E&E§�)�>:Bß�Ý�§�é�C/ÔN�A5§I�kÜ·��{5

¯�¼�ù
&E"

�C/ÔN-EuÿÌ�kùA«�{µ�g��N[82]§�m¿©[83, 84]§�Å

�{[85, 86]±9ål|[87, 88]��{" Levin�[89]�[
 Eular�.e�5�ÔN�

-E§ Allard�[84]�[
?¿©EÇe��5�ÔN-E§ Kaufman�[90]�[
�

k�Þå��5�ÔN-E"

3C/L§¥§ÔN�fÝ´�åÔN/C���Ï��"d	Ò´±�ÔN

éÙ-E±9fN>.�5��Û�å"ÔNu)-E�L§�±b�¤¦)ÛÜ

AÛ-E§�):/:§:/¡�`z¯K"8c®k�
�{5¦)ù«`z¯K§

'XëY-Euÿ (Continuous Collision Detection, CCD)±9�5pÖ¯K (Linear

Complementarity Problem, LCP)� Gauss-Seidel�S�¦)�{[90]"

·�b�^|�-EfN>.�L§§{z��Ò´:�¡u)�-E"�
é

��«ÛÜ�`)§·�JÑ
ÄuÝK�ª-Euÿ§£ãØÓ�Þ�¹e�-E

�J[91]"ù«{´-E�.Ø��ä
-E�u)±9-E§Ý§�\\
�Þ�J

��["

�©�Ì�8�´k��L§�?n§�vk¦^LuE,�-Euÿ�{"�

´�
U
u)/C§ùp�Ñ
�«�fN²¡-E�{ü�."·�ò-E�.

{z¤ £�UC�u)3-E@� ∆t�mS§�¦��´-Eu)�ý� �§Ø

�Ä-E¥u)�ÔnL§"ù«�.ØI�O�-E�)�å±9�Ý§�Ò´Ø

I�é	å r?1?U"�I�éz��mÚS�)¤� £ u?1�ä?n"d	§
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¦^T�{�~�
êâDÑ�Øå§Ï� £��#�I�3 GPUþ¡�¤§ØI

�ò	åDÑ� GPU¥?1O�"

·�b� tx´ÔNþ��:§ò�3�� t� t + ∆tS�ÛÜ-EL¡ (Local

Contact Surface, LCS)u)-E" LCS-E�>¡´��ÛÜ²¡§¤±��±´

¡þ��ã²¡§�´ù�ÛÜ�>¡�
Bu©Û§Äkr���.^=§¦-E

¡�{�� y¶���±��"

ã 4.3: SÝK-E�.§ t+∆tx´!:��ª-E �

ã 4.4: 	ÝK-E�.§ t+∆tx´!:��ª-E �

3ã 4.3Úã 4.4¥§·��ã
��¥�ü«-E�."duC/��J§!:
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tx3e����AT?u tempx� �",#� �%3>.�Ò´-E¡�	§·

�I�òÙÝK�-E¡ LCSþ"

3SÝK�.¥§!: tx3 x��� £ØI�UC§�I� á y��� £"

ù¿�X3�>¡� x��þvk�Þå§!:/w0�e���� �"�´3	

ÝK�.¥§ xÚ y ��� £Ñ�é á
"�Ò´-E¡´o÷k�Þ�§3·

�Þ��^e§!:Ê�
î�$Ä"ùü«ÝK�.´ü«AÏ�4��¹§�õ

�ÿ´0uùü«�¹�m§ÔNÉ�wÄ�Þ�K�"

y3�Än���¹§-E: tx� £ t+∆tuò¬?1�g�#

t+∆tu =t u + (t+∆tx−t x) =t u + [ux, uy, uz]
T (4.1)

uxL«wÄ�Þ���l·�Þ�Ã�Þ§ uy 3�«�Þ¥Ñ�'~~�§ uz Ú ux

��¹�Ó"·�½Â tempx−t x = [ûx, ûy, ûz]
T §K�#� £´

(uy/ûy)ûx = uxout 6 ux 6 uxin = ûx

uy = |tx− LCS| (4.2)

(uy/ûy)ûz = uzout 6 uz 6 uzin = ûz

(4.3)

T�{ØI�¦)`z¯K§;�
E,�O�§�I�é�����ýÿ £

?1�ä§¿Ó'~�#Ù¦ü���� £"T�{�O�þ�éuk���O�

�±�ÑØO§��C/�J�Ó�q�y
ØO\O��E,5"�´ÙÛ�5�

´��²w�§·^��=�u:�5K²¡�-E§�Ò´�«>.�å§Ã{¢

yüÔN-E±9ÔNg��-E�J"

4.4 CUDA-OpenGLpppööö���

CUDA Ú OpenGL pö��Ä��ª´¦^CUDA)¤ £êâ§,�¦

^OpenGL3¶4þ±�Ñêâ¤L«�ã/"üö�(Ü�±ÏLü«�ª5¢

yµ(1)¦^ OpenGL����À«é� (PBO)"3T�ªe§ CUDA��)¤��

êâ§ OpenGLw«ù
��¶(2)¦^ OpenGL�º:�À«é� (VBO)"3T�

ªe§ CUDA)¤º:��êâ§ OpenGL�±�âI�±�Ñ²w�L¡ã½�µ

ã½�X�º:§��±ÏL�«shaderéã/Ò1�Y?n§~X¢yL¡��«°

[w«"

ùü«�ª�Ø%Ñ´|^ cudaGLMapBufferObject¼êò OpenGL��À«N

�� CUDA�S��mþ§ù�Ò�±¿©|^ CUDA�`:�Ñ5Up�§S3T

S��mþ)¤êâ§ù�XJ�k��GPU§ÒØI�êâD4§ OpenGL�±�
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�¦^"XJØ¦^ CUDA§ù
êâI�d CPU5O��)"��¡§ CPU�O

��ÝÏ~' GPUú¶,��¡§ù
êâI�Dx� GPUþ±ø OpenGLw«¦

^"�ud§�êâþé��§ CUDAÚ OpenGL�·Ü¦^¬�~�BÚ¯$"

4.5 ���{{{666§§§

Äu1nÙ��{�n±9 GPUþ�äN¢y[!§�ý^|�C/Ò´�¢�

¦Ñ�.þ¤k:� £�¹"�é�§ (3.49)¥ u�¦)§k��C/�{�OX

e

L 4.1: k��C/�{Ú½

k��C/�{Ú½£¹$� �¤

I m©

I �©�.L¡��?n

I ?1o¡N¿©��N��

I Ö��.�:!¡!Nêâ¿E��w�

I ýO��¡I�^��~þ±9>.��[CPU+GPU]

I ¢�?nÌ�m©{
I l	Ü��Ñ\�på[CPU]

I O��þÝ
M [GPU]

I O��N	å�þ r [GPU]

I O�Så�þ f (Kernel 1) [GPU]

I O� £�þ u (Kernel 2) [GPU]

I ÏL-E�.�# £�þ ū [GPU]

I O��påD£��[CPU]

I #!:�I =Î!:�I + ū [GPU]

I �½#!:�I�«nS�[GPU]

I �.�/w«[GPU+OpenGL]

I }ügC/Ì�(å
I �Øw�êâ§(å

4.6 ���ÙÙÙ���(((

¦^ CUDA APIÚOpenGL API§·�Ä�¢y
T�{�GPU��"L 4.1¤

«�´�����C/�ýXÚ�O�6§"Ù¥�þÝ
�O�Ï~¬��ý?n

�Ú½¥§Ï�3C/L§¥§z�!:��þUCé�§é��XÚK�Ø�"�
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3ùp§�
�.�O(§·�3z���mÚ�SÑ�#O��g�þÝ
"e

�Ù·�òéäN�¢�(J��
©Û"
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3��5k���O�L§¥§ GPUO��p�5��´ÈN�¦�"�´ÙO

(5Ú½5%���çÝf��§I�·�^êâ�`{§´·�?1©Û��

|¤Ü©"<N|�ì(�,(�E,§�´Ñ�±=z�á�N!�ÎN!ý¥N

�|Ü"ù
IO�ÿÁÔNÏ~æ^8¡N��Ò�±��éÐ��J"�´éu

ÿÀ(���E,�ÔN§·�~æ^o¡N��C/�O(5Ø
�M���k'

X	§�Ú¿©ü�êþ±9�{�°�§Ýk'"

Xã 2.11¤«§·�æ^�» 10mm���N§!:ê 2145§¿©��o¡N

ü�ê 7456"ål�� 2mm�/�·�ïá��fN-E¡§3��Äå��¹

e§*	-E�J¿©Û(J"�ý²�´ Visual Studio 2008§?§�ó´ C++!

CUDA 4.2±9 OpenGL 4.3§3ù�²�þ�ï
-EC/�k��§S"M�²�

k 2.4GHz� CPU!4GB�S�±9�¹ 4GBw�Ú 1536� CUDASØ� GTX680

wk"

^|��á�á5K�X-E(J�O(5Ú½5"·�3ùpæ^Cq<N

|�ì(�á�á5§�)
�Ý 0.001g/mm3 §{ZXê α = 10§��5Ôn�.

æ^ Neo-Hookean���§§¼�þ� 3000MPa§Ñt'� 0.49áuCqØ�Ø
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ã 5.1¥¤«Ò´·���{� ABAQUS�{�w«(J"þãXÚ���N´

�©�(J§eã�kAå©ÙôÚ�´ ABAQUS�(J"�*5w(J´é�C

�"

5.1 CCC///LLL§§§������[[[

ã 5.2¤«�´��N3eá-E��C/L§"���±©�o��ã§l £

�¥�±éN´�äÑz��ã�Cz"

ã 5.2: ��eá-E�C/�[

1) 0s ∼ 0.03sµeá�ã

3c 0.03s§��3�kå��^e\�eá§�±w� xÚ z��� £A�

vC§�k y��� £3Øä~�"

2) 0.03s ∼ 0.07sµÄg-EØ C/

3 0.03s��ÿ§��Ägu)-E§C/m©"du-�
fN§��m©3 y

��þ?1Ø C/"lã¥�þ¡�ù��±wÑ§3 y ��?1Ø ��ÿ§ x

��m©)ä.�"3 0.45s��ÿ§ xÚ y ��Ó���
/C��§d��Ý�

""d���� 0.07s§dufÝ��^§��¡E/C"

3) 0.07 ∼ 0.15µUþP~

3 0.07s��ÿ§��A�¡E�
Ð©/G§lã¥�±w�n^ £�A�

Ñ£�
�� £�/�"3 0.08s�m§��3.5�^e���å��p?§ã¥

kã xéA����$u�I¶§@´du���p?��§ x��m©Â "�

�§��eám©1�g-EC/"du{Z�^�K�§C/L§¥Uþ3��~

�§¤±1�g�C/§Ý'1�g��$�"XJæ^�´��¿©þ!é¡§Ã

{Z�ÔN§ù«�åáe�å2áe�L§¬��?1e�"

4) 0.15 ∼ 0.2µ��²ï ²Lõg�åáe�L§§���ª3Ø²ï(���^

e§O�3²¡þ§���ª�²G�"
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ã 5.4: y��� £
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ã 5.6: �N £

ã 5.7L«�´�©�{� ABAQUSO��Ñ(J�²þ �"3c 0.1s§l

2145�!: £²þ�� �3 0.1mm�m§���.���´3 20mm�m"�

Ò´`�©Äu GPU��{� ABAQUS�{�m� ��u 0.5%"

ã 5.7: �©�{� ABAQUS¤�(J� £ �

5.3 ØØØÓÓÓááá���������[[[©©©ÛÛÛ

ã 5.8¤«n«ØÓá����¤�)���/C"Ù¥ A�¼�þ´ 30GPa

§ B �¼�þ´ 3GPa§ C �¼�þ´ 0.3GPa"n«á��C/(J`²§�

©� GPU�{é�/C��[(¢k��1§°�5ér"
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·�é GPUþ��{¢y?1
µ�§¿Ú CPU�§S�
é'"3 CPUþ§

O��mÄ�Ú�.��ê¤�5'X"3 GPUþ§5U�X��ê8�OõJ

p"ù´du¦^ GPU��±y©¤üÜ©µ�Ü©�máu CPUÓ^�m§�)


§S���§ Kernel�Ð©z§±9êâ�DÑ¶,�Ü©´ý� GPU¿1$�

��m"¤±��.5�����ÿ§1�Ü©�mÓ^�'~�é��§§S�p

�ÇØ´é²w"�êâþO��§âUw�²w��J"L 5.1¤���m´ 8000

gS��²þ�"

L 5.1: GPU�{ügS�¥��êâO��m

��

ê8

GPU�m (ms) CPU

o�m(ms)¦M ¦f ¦u �#u GPUo�m

7456 50.0 2280.0 54.8 500.0 2884.8 298288

12584 102.8 4024.0 101.2 980.0 5208.0 666624

27918 190.0 6604.0 160.4 1788.0 8742.4 1186344

5.7 ���ÙÙÙ���(((

�ÙÏL'�¢�(J¥� £§5y²�©�{��(59½5"Ó�éC

/L§¥�[!¯KÏL¢�(J5\±`²"��·��Ñ�
C/(J"

ã 5.13: ��C/L§
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ã 5.14: 9�.µ¼�þ30000 MPa§Ñt' 0.4

ã 5.15: ��.1µ¼�þ3000 MPa§Ñt' 0.49

��.2µ¼�þ30000 MPa§Ñt' 0.2

��.3µ¼�þ300000 MPa§Ñt' 0.02
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